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The Burgers' equation is a fundamental nonlinear partial differential equation (PDE) that describes various
phenomena in fluid dynamics, nonlinear acoustics, Optics and Photonics, Wave Propagation, and traffic
flow. Actually, viscous Burger equation is a simplified version of famous Navier-Stokes equation for
incompressible fluid, without pressure gradient and external forces. In this paper a new method will be
introduced to solve this nonlinear partial differential equation based on Bessel functions and the Jacobian
free Newton method combined with generalized minimum residual (JFNGMRes) method. In this work
the nonlinear Burger equation is converted to a nonlinear system of algebraic equations without any
linearization and discretization methods. Finally, by using JFNGMRes, the solution of this nonlinear
system will be achieved. To show the reliability and applicability of the proposed method, we solve some
examples of the 1D and the 2D nonlinear Burger equation and then we compare our results with some
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famous methods in other papers and exact solutions.

1. Introduction

Solving nonlinear partial differential equations (PDE) is a challenge
among engineers, numerical and mathematics researchers. On the
other hand, many arisen problems in sciences, engineering, finance,
ecology, chemistry, etc. are defined as nonlinear PDEs; thus, many
mathematicians, numerical analysts and computer scientists have tried
to solve these problems by different meth- ods and algorithms. For
example Adomian decomposition method [1, 2, 3], homotopy analysis
method [4], VIM [5, 6, 7], mesh free methods [8, 9, 10], combination of
spectral methods with other methods like linearization and time
discritization[11, 12, 13, 14, 15], spectral domain decomposition [16, 17]
Taylor series [18], differential quadrature [19], finite difference [20, 21, 22,
23], finite element[24, 25, 43, 26], multi grid methods [27, 28], etc.

In solving nonlinear ordinary differential equations (ODESs) and
integral- differential equations, spectral methods are one of the

* Corresponding author.
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high accuracy nu-merical tools in computational and numerical
algorithms [29, 30, 31]. But spectral methods have not been used
directly and without discretization and linearization to solve
nonlinear PDEs, widely. Spectral methods convert the solving
procedure of a nonlinear differential equation to solving of a
nonlinear system of algebraic equations. In fact, the major
difficulty of spectral meth- ods is solving this system of nonlinear
equations. One of the best methods to solve a nonlinear system of
equations is the Jacobian free Newton-Krylov sub-space methods
(JFNGMRes) [32,33].

Now, in this paper, we introduce a new method to solve
nonlinear Burger equation by using the spectral collocation
method based on the first kind Bessel functions and JFNGMRes
method with adaptive preconditioner for the first time.

The rest of this paper is organized as follows: In Section 2, the
viscous Burger equation is illustrated. The basic definitions and
properties of the first kind of Bessel functions, function approximation
based on Bessel function and spectral methods with to solve nonlinear
PDE are presented in Section 3. In Section 4 the JFINGMRes with
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adaptive preconditioner is described. Then to show the advantages,
applicability and reliability of the proposed method we solve some
examples of Burger’s equation and compare our results with others in

Section 5. Finally, the paper concludes in Section 6.

1.1. Introducing Burger’s Equation

For the past century, the Burger equation has been subject to a
huge number of studies in mathematics and physical sciences. In
particular, the Burger equation has been applied to the study of
traffic flow, acoustic trans- mission, shock waves in a viscous
medium, gas dynamics, waves in fluid filled viscous elastic tubes
and supersonic flow around airfoils [34]. The Viscous Burger
equation is a simplified version of famous Navier-Stokes equation
for incompressible fluid, without pressure and external forces, the

2D Burger equation is defined as follows [35, 36]:

U+ uu, +vu, = V(U + uyy)
v+ uvye + v, = v(vye + 1)

with initial conditions:

u(x,y,0) = f(x,y),v(x,y,0) = glxy), (x,y) €A

and Dirichlet boundary conditions. Where 0 <v <1 is the
coefficient of kinematic viscosity, f and g are known functions u and v
are the velocity components in x and y directions, respectively. Also,
ur and vt are unsteady terms, uu, + vu, and uv, + vv, are convective
terms and v (uy, +uy, ) and v(v,, + v,,) are viscous terms.

Also the one dimensional Burgers equation is defined as

follows:

Uy — VlUyy +ull, =0, (x,t) € AX(0,T], (2)
with initial condition
u(x,0)=f(x), 0<x<1, (3)

and boundary condition

u(0,t) = g, (), u(1,t) = g,(t), 0<t<T (4)

Solving and finding the solution of the Burger equation has been
studied for the last half century and still it is an active area of
research to develop some better numerical algorithms and
methods to approximate its solution. Many researchers solved this
problem by using several numerical methods: finite difference
methods [20, 21, 22, 37, 38, 39, 40], moving mesh in discontinues
Galerkin method [41], finite elements methods [24, 25, 42, 43] an

many other methods [3, 12, 13, 18, 19, 44, 45, 46, 47, 48].

2. Function  Approximation and
Methods Based on Bessel Functions

Spectral

Definition 1: Let A = {x|a < x < b}, then nonnegative function
w(x) is a weight function if:
e w(x) = 0is measurable on finite or infinite interval A.
o = fA xkw(x)dx <o fork=0,1,...
e [ w(¥)dx>0.
Let w is a certain weight function, therefore:

L%,(A) = {v|v ismeasurableand || v l|,,< o}

Where
10 lly= (0, v)2, = (J, @) Po(x)dx):

In particular, in Hilbert space L%, (A), (w,v),, = [, u(x)v(x)w(x)dx

- - B kv
is inner product. If w = 1 can be omitted, and 8}v = 2%

—ox - Now for
nonnegative integer m, we define

H(A) = {v|0fv € I2,(A),0 < k < m}
with following norm, and semi-norm

(u, 1J)m,m) = 7(”:0 (a;}r{ur a;}r{v)an
1

Wl =0 07V s NV o= (¥, 1)2,

For any real r = 0, we define the space H,(A) by the space
interpolation as in Adams [49]. In this paper we use the Bessel
functions of the first kind J,,(x) as the basis functions of L2(A):

(G20l
rif(n+r+1)

Jn(®) = T (ORA (5)

where T'(2) is the gamma function. Series (5) is convergent for
all —o < x <0 and is a solution of the below Sturm-Liouville
equation [50, 51]:

x2y" (%) + xy' (x) + (x* = n?)y(x) = 0,

or x € (—o0,00), (n € R) (6)

It is clear that, J,(x) are linear independent if n be integer and
also fA Jn(x) <o and |l J,(x) i< o [50], therefor J,(x),n €N is a
basis of L?(A) . Lemma 1: one of the best relations of J', is:

J' 00 = 2 Jnea () = s () (7)

Proof: by deriving (5) and using expansions of /,,_; (x) and J,,,., (x),
the result is desirable.
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Remark 1: the derivative operational matrix of the first kind
Bessel functions can be obtained as follow:

let] = [Jo(%),J1 (%), ]2 (%), -, Jn(x)]" therefor J' ~ D J, where D is the
derivative operational matrix and is obtained by using (7) as follows:

0 -1 0 0 0 0
9 o o - 0
2 2
o : 0o -0 0|
D=|0 0 1 0 _1t 0 | (8)
.. B 2
oo 0o - I o 2
2 2
a, a, as o Apeg Gy

where the a,, a,,a,, ..., a, Will be obtained by an interpolation
technique.
Now, let N be a positive integer, we define finite subspace

JIn = span{jo, J1, s v},

this is clear that gy (A) € H™(A) € L2(A).
Now consider L2(A)-orthogonal projection Py: H™(A) - Jy that,
for any v € H"(A):

(Pyv—v,9) =0, Vo € Jy.
or equivalently,

Pyv(x) = Ty 0J; ().
Therefore, we can write:

Gy 9Ji(x) —v,9) =0, Vo € Jy.

so, for any v € H™(A) and r > 0 we have [52]:

Il Pyv—vIIScNT v,

(9)

Several papers have discussed about convergence of the spectral
methods to solve the nonlinear Burger equation [53, 54, 55]. In a
same way we can write about the convergence of the proposed
method to solve the nonlinear Burger equation as follows.

Remark 2: assume that the u € L2(0,T; H(A)), v > 1, is the
solution of the Burger equation (2), and the wy =Pyue€
Jn() x gy(0,T) is the approximation of u, then:

Ilu—uy lgrayxezon< CN,
T
0w Ny ayxi2 (o) = f Ihuli? de,
0

and C is a positive constant depending only on the norms of u in
the spaces mentioned [52, 56, 57]. We know that, the
Jn() x gy(0,T) is a finite subspace of H"(A) x L?(0,T), according
to the assumption u € H™(A) x L2(0,T), the |l u ll= fOT Il dt <
o, therefore, there is a N, € N that for any N > N,, N" be bigger

than | u II, or equivalently C. So, if N be large enough, we can
say: if N — oo then Il u — uy llyryx2om— 0, hence, the error of
this approximation by increasing N will be decreased, in numerical
examples this principle will be shown. All of above relations can
be extended for the 2D time dependent Burger equation.

3. Spectral Collocation Method

Spectral methods, in the context of numerical schemes for
solving differential equations, generically belong to the family of
weighted residual methods (WRMs) [58]. WRMs represent a
particular group of approximation techniques, in which the
residuals (or errors) are minimized in a certain way and thereby
leading to specific methods including Galerkin, Petrov-Galerkin,
collocation and tau formulations. consider the approximation of
the following problem via spectral method:

Lu(x,t) + Nu(x,t) = f(x,t), (x,t) € AX[0,T], (10)

where £ is the differential or integral operation, v is a lower-
order linear and/or nonlinear operator involving only derivatives
(if exist) and f(x, t) is a function of variables x and t, with enough
initial and boundary conditions.

The starting point of the spectral methods is to approximate the
solution u(x, t) by a finite summation:

u(x, t) = uyy(x,t) = o 7:0 ai,j‘bi(x)(t)j(t) ,

x€A,t€[0,T] (1)

where ¢,’s are the basis functions that we have chosen J,(x) as
basis function and the expansion’s coefficients must be determined.
Substituting u with w,,  in (10) leads to the residual function:

Run (1) = Lupgy (x, 8) + Nuy (x,t) — f(x, 1) (12)

The notion of the WRM is to force the residual function to zero
by requiring:

« RM,erpli >m1J ll’Zj >m2= 0 (13)

T
= [ [ Run 00,0, O @ Otxde =0, (1
0 YA
1<i<N 1<j<M,

where {y, } are test functions, and w is positive weight function.
The choice of test functions results to a kind of the spectral
methods. A method for forcing the residual function (12) to zero,
is the collocation algorithm [51, 59]. In this method, by choosing
the Lagrange basis polynomials constructed on the collocation
points t, and x, as the test function, such that y,,(x,) = 6;; and
¥2,(t,) = 6, and applying the Gauss quadrature rule can write:
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« 72M,N'lljli >w11 1/)21' >w2:

K L
z Z RM,N(xq'tn)wli(xq)ll’z;(tp)“)l(xq)wq‘“z(tn)wn =0 (15)
p=1q=1
0<i<N 0<j<M
by setting w, = w, = 1, the Eq. (15) becomes:
Run(xgt,) =0,p=02,..,N,q=02,..M (16)

Now, we have (N +1)x (M +1) nonlinear equation and
(N +1) x (M + 1) unknown coefficients. For the 2D case the
summation (11) becomes:

Uy (Y, 1) = B Bio koo @110 ()01 () () (17)

and the other relation can be extended to the 2D case.

4. Newton - Krylov Aagorithm

Solving a nonlinear differential equation by spectral method directly
(without linearization or discritization) leads to solving a large
nonlinear system of equations F(x) =0, where F:R™ -» R" is a
function F(x) = (f,(x), f2(x), (), ..., £,,(x)T and x € R™ is a vector.
So, speed and accuracy of solving this nonlinear system is very
important. Many works have been done to improve solving the
nonlinear systems [32, 33, 60, 61, 62]. One of the best methods to
solve a nonlinear system is the classical Newton iterative method:

F(xn41) = F(xn) + (o — x40 )F' (x0) (18)
presuppose x,,,, be root of F(x), F(xp,1) =0
F(xn) + (xn+1 - xn)Fl(xn) =0 (19)
_ F(x,)
S Xpyq = X — Ien) (20)

F'(x) = J(x) is the n x n Jacobian matrix and is defined as follows:

_ (o (21)
]U - (axj>
therefore:

Xn1 = Xn _](xn)_lF(xn)- (22)

In fact, in each iteration, a linear system must be solved:

{anrl =Xn + an
(23)

J(n)8xn = F(xp).

The obtained nonlinear systems of spectral methods are usually
large and ill-condition and for large and complicated nonlinear
systems, calculation and reordering J(x,) and solving obtained
linear system in each iteration could be most time consuming. One
good idea is to use the finite difference technique to approximate
the Jacobian-vector product:

](xn)vn ~ fGentevn)—f (xp)

&

(24)

y

where ¢ is a very small value. Jacobian-vector product, can
be useful to approximate the Jacobian matrix. Also, for large
dimensions, iterative methods such as GMRes or BiICGSTAB
are preferred over direct solvers [32, 33]. In this paper, a
Jacobian-free Newton GMRes (JFNGMRes) with an
adaptively preconditioner have been used to solve large
nonlinear system of equations. In this method, a preconditioner
be updated in both Newton iterations and GMRes iterations.
Many researchers have used Newton-Krylov methods and
Jacobian free Newton-krylov methods to solve several
nonlinear problems [32, 33, 63, 64, 65].

4.1.  Algorithm of Preconditioned JFNGMRES

In this section we describe the Jacobian free Newton’s method
alongside generalized minimum residual method with adaptive
preconditioner to solve the nonlinear system that is obtained from
solving Burger equation via proposed:

1. Set k =0 (k is the iteration counter of the Newton method),
choose an initial guess x,.

2. Select a nonsingular Matrix M, =nl as the priconditioner,
where n € R and I =diag(1, ...,1) € R™",

3. Begin of Newton’s iterations: Repeat until || F(x,) Il,< err.

4. Use GMRes method with Jacobian free formula to solve linear
system j(x;)8; = F(xy).

F —F|
41. 1y = F(x,) — "0 g oy v, =

42. forj=1to N do

%’and MY, = M,

4.2.1. vj = My.v;.
42.2. AF), = F(x, + ev;) — F(x)
423. Axl, = ev,.
AF!
424 Vi =2

4.2.5. Update the preconditioner matrix:

. . . T .
(Axijn - Mijn'Ale)Axi]n 'Mi]n
ax) T M AR

m m m

J+1 _ g
Min _Min+

.fori=1tojdo

hij =< Viy1 Vi >.

Vigr = Vjyq — hyj. vl

24
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end for

4.2.7. hj+1,j =l Vjt1 ||2
4.28. if hy,,; = 0 then goto step 4.c else

v

Jj+1
Viy1 =
' hisa
end for (4.2.)

4.3.Now the Hessenberg matrix Hy,,xy = hy;iS constructed,
square Hessenberg matrix Hy,, is obtained by elimination of
the last row of H.

4.4. Vyun = [v1, V5, o, vy

45 Now the less-square linear
Il pe; — Hy Il, must be solved, where e,

problem  y, =min
[1,0,0....0]".

45.1. Using N Givens rotations G = gy, 9,,...,gy, matrix H
becomes an upper trigonal matrix.

45.2. Now set R = GH and W = BGe;,.

45.3. By using simple backward method, the Ry, = W can be solved.

45.4. 5, =Vy,

4.6. Set M, = M/

5. Xy =X — 6
6. Compute F(x,,) and AF, = F(x,.1) — F(xy)
7. Update the preconditioner matrix M,

(Axy — M AF) (M Axy)"

Mycsr = My + Ax, "M, AF,

8 k=k+1

end repeat (3).

In [32, 33] inner and outer preconditioners M}, and M, and how to
help it to Newton-Krylov method have been discussed.

5. Sovling Some Examples of the Nonlinear Burger
Equation

Now, in this section we want to apply the proposed method
to solve some examples of Burger’s equation. To show the
reliability and applicability of the proposed method, we
compare our results with others. In all of the following
examples, we use the roots of Chebyshev polynomial T_n (x)
as collocation points and vector [0,0,...,0]"T as initial guess
of the iterative JFNGMRes method. Also, we use the RMS
error in this article:

51. Example 1:

Consider the equation (2) with conditions:

__ 2vmsin(mx)
'U.(X, O) - 2+cos(mx) ’ (25)
0<x<1 u(0,t)=u(l,t)=0, t=0.

The exact solution of this equation is given by Wood [66] as
follows:

2yt
2ve ™ Visinmx

2+e~ "%Vt cos(mx)’

u(x, t) = (26)

This example solved by Bernstein polynomial and DQ method for
space discretization and fourth order Runge-Kutta algorithm [19] and
Asaithambi solved this problem by using automatic differentiation
[18]. Now for solving this problem by proposed method, we
approximate the solution by using Bessel functions as follows:

M+1

o i () (@)

Uy = ulx, 0) + et

In Table 1 the general information about solving example 1 by
Bessel function collocation (BFC) method and JFNGMRes is
presented v = 1,0.1,0.01,0.001 and 0.00001, in this table IT is the
number of Newton method iterations. To show the power of the
proposed method, in Table 2 we have compared results of the
proposed method with results of the BPDQM [19] for v = 0.001,
and the convergence rate of proposed method to solve this
example is shown in Table 3. Also, the graphs of approximated
solutions for several v values are presented in Fig. 1.

Table 1. The General Information of the Proposed Method to Solve Example 1.

) M N RMS T
0.00001 6 7 7.1e —10 1
0.0001 8 9 32e—9 2

0.001 12 11 8.6e — 8 2
0.01 12 16 1.5e -7 3
0.1 13 17 34e—-7 3

1 13 27 2.6e — 6 4

Table 2. Comparison of RMS Error of the Proppsed Method and BPDQM[19]
for Example 1 with N=0.001.

t BFC-JFN PBDQM[19]
0.5 6.60e-10 8.15e-5
1 3.77e-10 5.23e-5
K approx X -
RMS = [Pt 2 3.3269 a11e5
= X ’ 3 2.85e-9 2.36e-5
Table 3. Convergence Rate of the Proposed Method to Solve Example 1 for N=0.0001,0.001,0.01 and 0.001.
v =0.0001 v =0.001 v =001 v =01
M N RMS M N RMS M N RMS M N RMS
4 4 3.12e-3 5 5 9.47e-3 6 8 6.46e-3 7 10 3.21e-3
5 6 1.25e-5 8 7 1.05e-5 8 10 9.96e-4 9 12 9.16e-4
6 7 6.75e-7 10 9 8.21e-6 10 13 8.27e-5 1 14 5.31e-5
8 9 3.21e-9 12 11 2.69%-8 12 16 3.41e-7 13 17 3.48e-7
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0.003

0.002-

0.001-

Figure 1. The graphs of obtained solutions of example 1 via the proposed method for several v.

5.2. Example 2: Table 4. The General Information of the Proposed Method to Solve Example 2.
v M N RMS IT
Consider the one-dimensional Burger’s equation (2) with initial 0.00001 10 7 12e — 10 1
condition: 0.0001 11 8 1.2e —8 2
0.001 13 9 8.6e —7 3
0.01 14 9 3.8e—6 4
u(x,0) = 0.1 + 2v tanh(x) (27)

Table 5. Comparison of the Proposed Method, BPDQ[19] and METF[48] for
Example 2 with N=0.001.

and boundary conditions: " . e MIETF28] BPDQI19]
0.5 0.1003940 0.1003947 0.10004

1 0.1002970 0.1002977 0.10031

u(0,t) = 0.1 + 2v tanh(-0.1¢t), (28) 0.25 15 0.1001982 0.1001993 0.10023
2 0.1000991 0.1000999 0.10018

3 0.0999008 0.0999000 —

0.5 0.1008433 0.1008437 0.10084

u(1,t) = 0.1 + 2vtanh(1 — 0.1¢). (29) 1 0.1007585 0.1007598 0.10076
0.5 15 0.1006700 0.1006727 0.10067

2 0.1005801 0.1005826 0.10059

) . ) ) . . . 3 0.1003921 0.1003947 —

A semi-analytic solution of this example is obtained by Soliman 05 0.1012070 0.1012087 0.10121
[48] as follows: 1 0.1011401 0.1011433 0.10114
0.75 15 0.1010703 0.1010740 0.10107

2 0.1010000 0.1010010 0.10100

3 0.1008404 0.1008437 —

u(x,t) = 0.1 + 2v tanh(x — 0.1¢t). (30)
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This example has been solved by some researchers such as,
Soliman [48] by using modified extended tanh-function method
and Mittal [19] by using Berestain polynomial DQ and Runge-
Kutta[19]. Now, according to the conditions of problem we use
the proposed method with following expansion:

uyy = ulx, 0) + Xl DI ay )i ()] ()

In Table 4 the general information about solving this example by the
proposed method are shown for several v. Table 5 compares results of
the proposed method with results of BPDQM [19] and METF [48] for
v = 0.001. Also, to show the convergence rate of proposed method to
solve this example for several v is shown in Table 6.

Table 6. Convergence Rate of the Proposed Method to Solve Example 2 for
N=0.00001,0.0001 and 0.001.

v =0.0001 v =0.001 v =001
M N RMS M| N RMS M| N RMS
5 4 1.32e-4 5 5 1.27e-4 7 5 3.90e-3
6 5 2.65e-6 7 6 3.50e-5 9 7 2.36e-4
8 6 8.71e-8 9 7 2.81e-6 11| 8 5.21e-5
10 7 8.63e-10 11| 8 1.22e-8 13| 9 8.63 -7
53. Example 3:
Consider the Burger’s equation (2) with conditions:
u(x,0) =sin(mx), 0<x<1, u(0,t)u(1,t)=0, t=0. (31)

The exact solution of this problem is obtained by Hopf-Cole
transformation:

2.2 .
21y $9 1 Ape ™™ ™ Vinsin(nmx)

Ao+Xoy Ane‘"zﬂz"fncos(nnx)

u(x,t) =

where:

AO — fol eva‘l(l—cos(nx))dx

1
A, = Zf o2 (1=cos(m)) cos(nmx) dx
0

Table 7. The General Information of Solving Example 3 VIA the Proposed

Method.
v M N RMS IT
1 20 12 52le—7
0.1 29 11 3.36e — 6 3
0.01 22 18 8.67¢ — 5 4

According to the
expansion:

conditions of problem we use following

N+1

Uy y = sin(mx) + XA yMAL

j=1

a;;J; ()] (0,

and the condition u(1,t) is satisfied in nonlinear system of
equations. Now, the general information of solving example

3 by the proposed method is presented for v =1,0.1,0.01 in
Table 7. Table 8 compares results of the proposed method
with results of BPDQM [19] and exact solution for v =1.
Also, the solutions of this example for 0.1,0.01 is presented in
Table 9 and 10 respectively, these tables compared results of
the proposed method with Haar wavelet quasilinearization
[11], least-squares quadratic B-spline finite element method
[43], explicit Fourth-order finite difference method [25] and
exact-explicit  finite difference methods [20]. The
convergence rate of proposed method to solve this equation
for v =0.01,0.1 and 1 is shown in Table 11. The graphs of
obtained approximated solution are presented in Fig. 2, for
v =1,0.1,0.01.

Table 8. Comparison of Exact Solution, Results of BPDQ [19] and the Proposed
Method to Solve Example 3 for N=1.

x t JFN-BFC Exact BPDQ [19]
0.4 0.01357 0.01357 0.01363

0.6 0.00189 0.00189 0.00190

0.25 0.8 0.00026 0.00026 0.00026
1 0.00004 0.00004 0.00003

3 0.00000 0.00000 0.00000

0.4 0.01923 0.01923 0.01933

0.6 0.00267 0.00267 0.00269

0.5 0.8 0.00037 0.00037 0.00037
1 0.00005 0.00005 0.00005

3 0.00000 0.00000 0.00000

0.4 0.01363 0.01363 0.01369

0.6 0.00189 0.00189 0.00190

0.75 0.8 0.00026 0.00026 0.00026
1 0.00004 0.00004 0.00003

3 0.00000 0.00000 0.00000

Table 9. Comparison of Exact Solution, Results of [11, 20, 25] and the Proposed
Method to Solve Example 3 for N=0.1.

x t JFN-BFC FD[20] FE [25] HwWQ[11] exact

0.4 0.30889 0.30891 0.31429 0.30887 0.30889

0.6 0.24074 0.24075 0.24373 0.24070 0.24074

025 | 08 0.19568 0.19568 0.19758 0.19566 0.19568
1 0.16256 0.16257 0.16391 0.16255 0.16256

3 0.02720 0.02720 0.02743 0.02721 0.02720

0.5 0.4 0.56963 0.56964 0.57636 0.56956 0.56963
0.6 0.44721 0.44721 0.45169 0.44715 0.44721

038 0.35924 0.35924 0.36245 0.35920 0.35924

1 0.29192 0.29192 0.29437 0.29188 0.29192

3 0.04021 0.04021 0.04057 0.04022 0.04021

075 | 04 0.62544 0.62542 0.62592 0.62540 0.62544
0.6 0.48722 0.48721 0.49034 0.48716 0.48722

038 0.37393 0.37392 037713 0.37389 0.37393

1 0.28747 0.28748 0.29016 0.28743 0.28747

3 0.02977 0.02977 0.01334 0.02978 0.02977

Table 10. Comparison of Exact Solution, Results of [11, 20, 43] and the
Proposed Method to Solve Example 3 for N=0.01.

x t JFN-BFC FE [43] FD [20] HWQ [11] exact
04 | 034191 0.34819 0.34244 0.34184 0.34191
0.6 | 0.26896 0.27536 0.26905 0.26891 0.26896
025 | 08 | 022148 0.22752 0.22145 0.22143 0.22148
1 0.18819 0.19375 0.18813 0.18815 0.18819
3 0.07511 0.07754 0.07509 0.07510 0.07511
04 | 066071 0.66543 0.67152 0.66060 0.66071
0.6 | 052942 0.53525 0.53406 0.52932 0.52942
05 [ 08 | 043914 0.44526 0.44143 0.43905 0.43914
1 0.37442 0.38047 0.37568 0.37436 0.37442
3 0.15018 0.15362 0.15020 0.15017 0.15018
04 [ 091026 0.91201 0.94675 0.91026 0.91026
0.6 | 0.76724 0.77132 0.78474 0.76719 0.76724
0.75 | 08 [ 0.64740 0.65254 0.65659 0.64745 0.64740
1 0.55605 0.56157 0.56135 0.55608 0.55605
3 0.22481 0.22874 0.22502 0.22504 0.22481
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Table 11. Convergence Rate of the Proposed Method to Solve Example 3 for
N=1,0.1 and 0.01.

v=1 v=0.1 v =0.01
M RMS M N RMS M| N RMS
10 8 2.33e-3 20 7 6.38e-3 7 5 3.90e-2
14 9 6.84e-4 22 8 3.25e-4 9 7 2.36e-3
17 10 4.90e-5 26 10 2.95e-5 11| 8 5.21e-4
20 12 5.21e-7 29 11 3.36e-6 22 | 18 8.67e-5
5.4. Example 4:

Consider the Burger’s equation (2) with conditions:

u(x,0)=4x(1-x), 0<sx<1, w0t =ult)=0 t=0 (32)

The exact solution of this equation by using Hopf-Cole
transformations is as follow:

2.2 .
21V 590, Ape ™™ T Vinsin(nmx)
A0+Z,'if=1Ane‘nz"z"tncos(nnx)

u(x, t) =

where:
Ay = fol e~V TIBx-2x%) g

A, = f01 e~ BVTBx*~2x) cog5(nmx) dx

08
|

av=1

b)v=0.1

Table 12. The General Information of Solving Example 4 VIA the Proposed

Method.
v M N RMS T
1 20 12 31le—7 2
0.1 26 11 431e—5 3
0.01 22 18 7.55¢ — 5 4

According to the conditions of problem
expansion:

we use following

N+1 yM+1

uyy = 4x(1 —x) + X5 B a)i (0] (),

and the condition u(1,¢t)is satisfied in nonlinear system of
equations. In Table 12 the general information of solving example
4 by the proposed method for v = 1,0.1,0.01 is presented. Solutions
of this example for v =0.1,0.01 are presented in Table 13 and
Table 14 respectively, these tables compare obtained results of the
proposed method with Haar wavelet quasilinearization [11], least-
squares quadratic B-spline finite element method [43], explicit
Fourth-order finite difference method [25] and a parameter-
uniform implicit finite difference methods [22].

The convergence rate of proposed method to solve this equation
for v = 0.01,0.1 is shown in Table 15. The obtained graphs of this
example by the proposed method have been shown in Figure 3 for
v = 0.1,0.01 respectively.

Figure 2. The Graphs of Obtained Solutions of Example 3 VIA the Proposed Method for Several N.

Table 13. Comparison of Exact Solution, Results of [11, 43, 25] and the
Proposed Method to Solve Example 4 for N=0.1.

Table 14. Comparison of Between Exact Solution, Results of [11, 43, 22] and
the Proposed Method to Solve Example 4 for N=0.01

X t JFEN-BFC FE [43] FD [25] HWQ [11] exact X t JFEN-BFC FE [43] FD [22] HwQ [11] exact

0.4 0.31752 0.32091 0.32679 0.30887 0.31752 0.4 0.36225 0.36911 0.36273 0.36217 0.36226

0.6 0.24614 0.24910 0.25117 0.24609 0.24614 0.6 0.28204 0.28905 0.28212 0.28197 0.28204

0.25 0.8 0.19956 0.20211 0.20270 0.19952 0.19956 0.25 0.8 0.23046 0.23703 —— 0.23040 0.23045
1 0.16560 0.16782 0.16780 0.16557 0.16560 1 0.19460 0.20069 0.19467 0.19465 0.19469

3 0.02773 0.02828 0.02804 0.02775 0.02775 3 0.07611 0.07865 0.07613 0.07613 0.07613

0.4 0.58453 0.58788 0.59661 0.56979 0.58454 0.4 0.68368 0.68818 0.69186 0.68357 0.68368

0.6 0.45798 0.46174 0.46581 0.45790 0.45798 0.6 0.54833 0.55425 0.55125 0.54822 0.54832

0.5 0.8 0.36740 0.37111 0.37293 0.36734 0.36740 0.5 0.8 0.45376 0.46011 —— 0.45363 0.45371
1 0.29834 0.30183 0.30253 0.29829 0.29834 1 0.38562 0.39206 0.38627 0.38561 0.38568

3 0.04103 0.04185 0.04155 0.04105 0.04106 3 0.15216 0.15576 0.15218 0.15217 0.15218

0.4 0.64562 0.65054 0.64680 0.62567 0.64562 0.75 0.4 0.92050 0.92194 0.94940 0.92050 0.92050

0.6 0.50267 0.50825 0.50852 0.48715 0.50268 0.6 0.78298 0.78676 0.79399 0.78293 0.78299

0.75 0.8 0.38533 0.39068 0.39117 0.38525 0.38534 0.8 0.66274 0.66777 —— 0.66264 0.66272
1 0.29586 0.30057 0.30066 0.29578 0.29586 1 0.56930 0.57491 0.57170 0.56924 0.56932

3 0.03041 0.03106 0.03081 0.03043 0.03044 3 0.22778 0.23183 0.22778 0.22774 0.22774
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Table 15. Convergence Rate of the Proposed Method to Solve Example 4 for and exact solutions:
N=1,0.1 and 0.01.
x+y-2xt
v=1 v =01 v =001 u(x,y,t) =22 -
M N RMS M N RMS M N RMS 1-2¢
12 | 8 | 6954 | 17 | 7 8.63e2 18 | 11 3.19e2
15 | 9 | 431e5 | 20 | s 1.81e3 21 | 14 7.29¢3
18 | 10 | 20le6 | 23 | 10 4.53e-4 25 | 16 3.74e-4 x-y-2yt
v(x,y,t) = —
20 | 12 | 311e7 | 26 | 12 3.36e-5 28 | 18 8.67e-5 1-2t

This example has been solved by discrete Adomian
decomposition method with finite difference [35] and using
modified Bi-cubic B-spline finite elements [36]. Proposed
method has solved this example by M =N =L =6 and two
iterations of JFNGMRes. The obtained solutions of this example
by the proposed method are compared with exact solution and
results of [35, 36] in Table 16 and Table 17 for ¢ =0.1 and
t = 0.4, respectively. In this example D = [0.5,0.5] x [0.5,0.5] and
we set v = 0.1.

6. Conclusions

In this paper, a new algorithm was proposed to solve the 1D and
the 2D viscous Burger equations. This method uses the spectral
collocation method, the Bessel functions of the first kind as basis
function and roots of the shifted Chebyshev polynomials as
collocation point to convert nonlinear the nonlinear Burger
equation to a nonlinear system of algebraic equations. Then, this
nonlinear system is solved by using a Jacobian free Newton
method and GMRes method with an adaptive preconditioner
updated in each iteration. The obtained nonlinear system from
spectral methods usually is large and ill-condition, therefore,
iterative methods such as GMRes are preferred over direct solvers.
Now we use a adaptive preconditioner to enhance the convergent
rate of JFNGMRes.

As indicated in the presented examples, the solutions of the
nonlinear systems are obtained in 3 to 5 Newton iterations, also in
all examples the initial guess of JFNGMRes is simple vector
[0,0, ...,0]", that show the speed and power of the proposed method.
Also, according to tables and comparison of proposed method and

55. Example5: others methods show efficiently, applicability and reliability of

collocation method based on the Bessel functions of the first kind.

Consider the 2-D system of nonlinear PDEs (1) with initial Some advantages of the presented method include high
conditions: convergence rate of collocation method based on Bessel functions

of the first kind to solve 1D and the 2D viscous Burger equations,

few iterations for Newton method, simple initial guess for

Wy, 0 =x+y, v(xy0) =x—y, (34) JFNGMRes method and no need for discretization and
linearization and saving memory and processing.

Figure 3. The Graphs of Obtained Solutions of Example 4 VIA the Proposed
Method for Several N.

Table 16. Comparison of Exact Solution, Results of [35, 36] and the Proposed Method to Solve Example 5 for T=0.1.

0.05 BFC-JFNGMRes Exact solution ADM& FD [35] FE [36]

G,y u(x,y,t) v(x,y,t) u(x,y,t) v(x,y,t) ux,y,t) v(xy,t) ux,y,t) v(x,y,t)
(0.1,0.1) 0.183674 -0.0204081 0.183673 -0.0204081 0.18368 -0.02041 0.183675 -0.0204010
(0.3,0.1) 0.346935 0.1836735 0.346938 0.1836735 0.34694 0.18368 0.346931 0.1836730
(0.2,0.2) 0.367349 -0.0408130 0.367346 -0.0408163 0.36735 -0.04082 0.367340 -0.0408102
(0.4,0.2) 0.530608 0.1632680 0.530612 0.1632653 0.53062 0.16327 0.530613 0.1632653
(0.1,0.3) 0.387755 -0.2653031 0.387755 -0.2653061 0.38776 -0.26531 0.387750 -0.2653003
(0.3,0.3) 0.551034 -0.0612217 0.551020 -0.0612244 0.55103 -0.06123 0.551022 -0.0612212
(0.2,0.4) 0.571422 -0.2856703 0.571428 -0.2857142 0.57144 -0.28572 0.571428 -0.2857124
(0.3,0.4) 0.653070 -0.1836424 0.653061 -0.1836734 0.65307 -0.18368 0.653061 -0.1836711
(0.5,0.5) 0.918326 -0.1020412 0.918367 -0.1020408 0.91838 -0.10205 0.918361 -0.1020405
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Table 17. Comparison of Exact Solution, Results of [35, 36] and the Proposed Method to Solve Example 5 for T=0.4.
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